PERIODIC STOCHASTIC KORTEWEG-DE VRIES EQUATION WITH 
THE ADDITIVE SPACE-TIME WHITE NOISE 



TADAHIRO OH 

Abstract. We prove the local well-posedness of the periodic stochastic Korteweg-de Vries 
equation with the additive space-time white noise. In order to treat low regularity of the 
white noise in space, we consider the Cauchy problem in the Besov-type space &p^(T) for 
s — — p ~ 2+ such that sp < —1. In establishing the local well-posedness, we use a 
variant of the Bourgain space adapted to 6p,oo(T) and establish a nonlinear estimate on 
the second iteration on the integral formulation. The deterministic part of the nonlinear 
estimate also yields the local well-posedness of the deterministic KdV in A/(T), the space 
of finite Borel measures on T. 
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1. Introduction 

In this paper, we prove the local well-posedness of the periodic stochastic KdV equation 
(SKdV) with the additive space-time white noise: 



(1) 



du + {d^u + udxu)dt = dW 
u{x, 0) = uo{x) 



where it is a real-valued function, {x,t) E T x with T = [0,27r), and W{t) = ^ is a 
cylindrical Wiener process on L^(T). With e„(a;) = ^=e™^, we have W{t) = /3o(t)eo + 



/2lT 

X^rtT^o "^/^"(^)^"(^) ■^here {/3n}n>o is a family of mutually independent complex-valued 
Brownian motions (here we take /3o to be real-valued) in a fixed probability space {^,J^, P) 
associated with a filtration {J-^t}t>o s^-nd /3_„(t) = (3n{t) for n > 1. Note that Var(/3„(1)) = 2 
for n > 1. 

In [8], de Bouard-Debussche-Tsutsumi considered 



(2) 



du + {d^u + udxu)dt = (j)dW 
u{x,0) = uo{x), 
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where (/> is a bounded hnear operator in L^(T). They showed that ([2]) is locahy weh-posed 
when is a Hilbert-Schmidt operator from L^(T) to iif^(T) for s > — ^. See [8] and the 
references therein for the previous works in the periodic and nonperiodic settings. 

In our present work, we consider the case when is the identity operator on L^(T). i.e. 
we take the additive noise to be the space-time white noise ^g-, where B{x,t) is a two 
parameter Brownian motion on T x R^". Note that (p is a Hilbert-Schmidt operator from 
L2(T) to H'{T) for s < -i but not for s > -i. 

Suppose that u is the solution to ([T]), or equivalently to ([2]) with (j) = Id, the identity 
operator on L^(T). Let vi{x,t) = u{x + aot,t) — ao, where ao = the mean of uq. Then, vi 
satisfies ([T|) with the mean initial condition uq — oq. Now, let Po be the projection onto 
the spatial frequency 0, and P„^o = Id - Pq- Note that PoM^(t) = /3o(i)eo(x) = -i=/3o(t). 

By letting V2 = vi — ~^/5o(*)) we see that u satisfies ([T|) if and only if V2 satisfies 



{dV2 + {dlv2 + {V2 + ^^o{t))d^V2)dt = Fn^odW 

\v2{x,0) = uo{x) - ao 

almost surely since /3o(0) = a.s. By setting vs{x,t) = V2{x + Ci^(t),t) with Cu,{t) 
Jq -^l3o{t')dt' , it follows that ^3 satisfies 



\dv3 + {d^vs + v:>,d^vz)dt = dW 
1^3(3;, 0) = uq{x) - ao, 

where W{x,t) = Y.n^o^Pn{t)en{x + c^{t)) = En^o ^Mty'"'-^'^en{x). i.e. t;3 solves 
(I2I) where 



(3) 



diag((/.„;n / 0) with ^t) = e^^-^-W and c^(t) = ^Mt')dt' 



(with respect to the basis {enjnez-) Moreover, note that V3 has the spatial mean (as long 
as it exists) since eo ^ Range((/>). Therefore, in the remaining of the paper, we concentrate 
on studying the local well-posedness of ^ with (p given by ^ and the mean initial 
condition uq, (which implies that u has the spatial mean as long as it exists.) 

Recall that u is called a (local-in-time) mild solution to ([2]) if u satisfies 
(4) u{t) = S{t)uQ - \ f S{t-t')d^u^{t')dt' + [ S{t-t')^{t')dW{t') 



at least for t G [0,T] for some T > 0, where S{t) = e~*^^. 

Note that the first two terms in Q also appear in the deterministic KdV theory. Thus, 
we briefiy review recent well-posedness results of the periodic (deterministic) KdV: 

(5) I t XXX X {x,t)eTxR. 

i^lt=o = ^0, 

In [1], Bourgain introduced a new weighted space-time Sobolev space X*''' whose norm is 
given by 

(6) hllx-.i'(TxR) = \\{ny{T - n^)*u(n, r) 11^2 ^(2;xR), 
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where ( • ) = 1 + | • |. He proved the local well-posedness of ^ in L'^(T) via the fixed point 
argument, immediately yielding the global well-posedness in L^(T) thanks to the conser- 
vation of the norm. Kenig-Ponce-Vega improved Bourgain's result and established 

the local well-posedness in H~2(T) by establishing the bilinear estimate 

(7) < 

for s > — I under the mean assumption on u and v. Colliander-Keel-Staffilani-Takaoka- 
Tao IS] proved the corresponding global well-posedness result via the /-method. 

There are also results on ([5]) which exploit its complete integrability. In [2], Bourgain 
proved the global well-posedness of ^ in the class M(T) of measures ^, assuming that its 
total variation ||;u|| is sufficiently small. His proof is based on the trilinear estimate on the 
second iteration of the integral formulation of ([5]), assuming an a priori uniform bound on 
the Fourier coefficients of the solution u of the form 

(8) sup\u{n,t)\ < C 

for all t G M. Then, he established dS]) using the complete integrability. More recently, 
Kappeler-Topalov [9] proved the global well-posedness of the KdV in i/~^(T) via the inverse 
spectral method. 

There are also results on the necessary conditions on the regularity with respect to 
smoothness or uniform continuity of the solution map : uq G H^i^) — )■ u{t) G H^iT). 
Bourgain [2j showed that if the solution map is C^, then s > — ^. Christ- Colliander-Tao 
[3j proved that if the solution map is uniformly continuous, then s > — ^. (Also, see 
Kenig-Ponce-Vega [E].) These results, in particular, imply that we can not hope to have a 
local-in-time solution of KdV via the fixed point argument in H'^ , s < — ^. Recall that, for 

each fixed t, the space-time white noise lies in ^g^_iH^ \ H~'2 almost surely. Hence, 
these results for KdV can not be applied to study the local well-posedness of ([I]). 

Now, let us discuss the spaces which capture the regularities of the spatial and space- 
time white noise. Recently, we proved the invariance of the (spatial) white noise for the 
(deterministic) KdV in [13] (also see [H]) by first establishing the local well-posedness in 
an appropriate Banach space containing the support of the (spatial) white noise. Define 
the Besov-type space via the norm 

(9) 11/11^. := =sup|Kn)V(n)|L. , = sup ( J] {nr\f{n)\AK 

In [13], using the theory of abstract Wiener spaces, we showed that 6p oo contains the 
full support of the (spatial) white noise for s-p < —1. (The statement also holds true for 
sp = —1.) 

Let's consider the stochastic convolution ^{t) given by 

(10) $(t) = / S{t- t')(l){t')dW{t'), 

Jo 

where <f> is given by Define a variant of the X*''' space adjusted to bp^^{T). Let Xplq 
be the completion of the Schwartz class S{T x M) under the norm 

(11) hllx-" = \\{nr{T-nyu{n,T)\U 
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Note that Xp^q defined in (fTTj) is the space of functions u such that S{—t)u{-,t) G 
{^p,oo)x{^L^''^)t^ where FL^''^ is defined via the norm 

(12) ll/II^LM := IKT)^7(r)|U,. 

In |13j . we also showed that the local- in-time white noise is supported on TL'^''^ for cq < —1. 
This implies that the Brownian motion belongs locally in time to J^L^''^ for (6 — l)q < —1. 
Hence, with b < ^ and q = 2, we see that the local-in-time stochastic convolution ri{t)^{t) 

lies in Xplg almost surely, with sp < —1, b < ^ and q = 2, where is a smooth cutoff 
supported on [—1,2] with r]{t) = 1 on [0, 1]. 

The argument by de Bouard-Debussche-Tsutsumi [8] is based on the result by Roynette 
|15j on the endpoint regularity of the Brownian motion, i.e. the Brownian motion (3(t) 

1 /2 

belongs to the Besov space Bp'q if and only if g = oo (with 1 < p < oo.) Then, they proved 
a variant of the bilinear estimate ([7]) by Kenig- Ponce- Vega adjusted to their Besov space 
setting, establishing the local well-posedness via the fixed point theorem. Note that the 
use of a variant of the bilinear estimate ([7]) required a slight regularization of the noise in 
space via (j) so that the smoothed noise has the spatial regularity s > — |. Thus, they could 
not treat the space-time white noise, i.e. (j) = Id. 

Our result is based on two observations. The first one is that our /n-based function spaces 
6p in ([9]) and Xplg in (fTT]l capture the regularity of the spatial and space-time white noise 
for sp < —1, b < ^ and q = 2. The second is that we can indeed carry out Bourgain's 
argument in pj, a nonlinear estimate on the second iteration, without assuming the a priori 
bound ([8]), if we take the initial data uq S bp^oo for s > — | with p > 2. Then, we construct 
a solution u as a strong limit of the smooth solutions (with smooth and (/>^) of 
dl]). Note that our nonlinear estimate on the second iteration in Section 5 depends on the 
stochastic term, whereas the bilinear estimate in [8] is entirely deterministic. 

Finally, we present our main results. 

Theorem 1. Let (j) be as in ^ and p = 2+. Then, let s = + 6 with < 6 < 
i.e. sp < —1. Also, let uq be J-Q-measurable such that it has mean and belongs to 
6p oq(T) almost surely. Then, there exists a stopping time > and a unique process 
u G C([0, Tt^]; 6p oo(T)) satisfying ([2]) on [^,TJ\ almost surely. 

As a corollary, we obtain the following: 

Theorem 2. The stochastic KdV ([1]) with the additive space-time white noise is locally 
well-posed almost surely (with the prescribed mean on uq.) 

Remark 1.1. Our argument provides an answer to the question posed by Bourgain in 
[2i Remark on p. 120], at least in the local-in-time setting. The deterministic part of the 
nonlinear estimate in Section 5 can be used to establish the local well-posedness of ([5]) for a 
finite Borel measure uq = p ^ M(T) with < oo without the complete integr ability or the 
smallness assumption on fj.. Note that fi £ bp ,^ for sp < —1 since sup„ |/I(n)| < \\fi\\ < oo. 
Hence, it can be used to study the Cauchy problem on M(T) for non-integrable KdV- 
variants. Also, see [14j. 

Remark 1.2. Let J^L^'P{T) be the space of functions on T defined via the norm ||/||jr^s,p = 
\\{n)^ f{n)\\j^p . Recall from |13j that J^L^'P{T) contains the support of the (spatial) white 
noise when sp < —1. Then, Theorems [1] and [2] can also be established in J^L^'P(T) for 
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s = — 2+, p = 2+ with sp < —1. The modification is straightforward once we note that 
11/11 < ll/ll^s for any e > 0, and thus we omit the details. 



This paper is organized as fohows: In Section 2, we introduce some notations. In Section 
3, we introduce function spaces along with their embeddings and state deterministic linear 
estimates from [T] and [T3j. In Section 4, we study some basic properties of the stochastic 
convolution. In Section 5, we prove Theorem [T] by establishing the nonlinear estimate on 
the second iteration of the integral formulation ([4]). 

Acknowledgments: The author would like to thank Prof. Jeremy Quastel and Prof. 
Catherine Sulem for suggesting this problem. 



In the periodic setting on T, the spatial Fourier domain is Z. Let dn be the normalized 
counting measure on Z. We say / G U'{'L), 1 < p < oo, if 



If p = oo, we have the obvious definition involving the supremum. We often drop 27r for 
simplicity. If a function depends on both x and t, we use (and to denote the spatial 
(and temporal) Fourier transform, respectively. However, when there is no confusion, we 
simply use ^ to denote the spatial Fourier transform, the temporal Fourier transform, and 
the space-time Fourier transform, depending on the context. 

For a Banach space X C 5'(TxM), we use X to denote the space of the Fourier transforms 
of the functions in X, which is a Banach space with the norm ||/||^ = || where 
J-"^^ denotes the inverse Fourier transform (in n and r.) Also, for a space Y of functions 
on Z, we use Y to denote the space of the inverse Fourier transforms of the functions in Y 
with the norm ||/||y = ll-F/lly. Now, define hp^^iT) by the norm 



(13) = ii/ii.j,,(z) := IIik-)^/wiil;,^jl. = (E ( E 



for g < oo and by Q when q = oo. 

Throughout the paper, r/(t) denotes a smooth cutoff supported on [—1, 2] with rj{t) = 1 on 
[0, 1], and let r]^{t) = r]{T-^t). We use c, C to denote various constants, usually depending 
only on s, p, and 6. If a constant depends on other quantities, we make it explicit. We use 
A < B to denote an estimate of the form A < CB. Similarly, we use A ^ B to denote 
A< B and B < A and use A <^ B when there is no general constant C such that B < CA. 
We also use a+ (and a—) to denote a + e (and a — e), respectively, for arbitrarily small 



2. Notation 



11/11 




oo 



j=0 |n|~2J 



e < 1. 



3. Function Spaces and Basic Embeddings 



First, let X^'^ denote the usual periodic Bourgain space defined in ([6]). We often use the 
shorthand notation || • \\s^h to denote the X'^'^ norm. Now, define Xplq, the Bourgain space 
adapted to bp^, to be the completion of the Schwartz functions on T x M with respect to 
the norm given by 



(14) ||n||^.,, = |Kn)^(r-n3)^S(n,T)||,o =sup|Kn)^(T-n3)^2(n,T)|Lp 
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In the following, we take p = 2+ and s = —5+ = — ^ + 6 with S < (and 5 > such 
that sp < —1. Lastly, given T > 0, we define Xp^q'^ as a restriction of Xp^q on [0,T] by 

We define the local-in-time versions of the other function spaces analogously. 

Now, we discuss the basic embeddings. For p > 2, we have ||on||iP < HanllL^ • Thus, we 
have < and thus 

(15) Ikllx''''' — ll'"llx=>''- 

By Holder inequality, we have 



1 



(16) <sup|Kn)-2^+|l ^|Kn)-^+^/(n)||^P < ,„ 

for s = — ^ + 5 with 5 > Hence, for s = — ^ + (5 with 5 > we have 

Now, we briefly go over the linear estimates. Let S{t) = e~*'^^ and T < 1 in the following. 
We first present the homogeneous and nonhomogeneous linear estimates. See [T], [10], [13] 
for details of the proofs. 

Lemma 3.1. For any s G M and b < ^, we have \\S{t)uo\\ya,b,T < T^^^ 
Lemma 3.2. For any s G R and b < we have 



[ S{t-t')F{x,t')dt' 
Jo 



X, 



3,-1 . 



s,b,T p. 2 P.l 

P,2 



Also, we have 11 f!. S{t — t')F{x,t')dt'\\ -^s.b^r < 11-^11 v-s.fc-i forb> i. 

The next lemma is the periodic Strichartz estimate due to Bourgain [T]. 
Lemma 3.3. Let u be a function onT xM. Then, we have ||u||^4 < ll^ll^o ^• 

Lastly, recall that by restricting the Bourgain spaces onto a small time interval [0, T], we 
can gain a small power of T. See Colliander-Oh [6] for the proof. 

Lemma 3.4. For < b' < b < ^, we have 

II II _ II II <: rjib-b'- II II 

ll^^ll s.b'.T WVt'^Wx'''''' ■'^ II^IIX"'*'- 

4. Stochastic Convolution 

In this section, we study basic properties of the stochastic convolution <I>(t) defined in 
(|1U|) . In particular, we prove that rj^ belongs to Xp2 and is continuous from [0,T] into 

bp for r < 1 almost surely for sp < —1 and (6 — 1) • 2 < —1, where r]{t) is a smooth cutoff 
supported on [—1,2] with ri{t) = 1 on [0, 1]. 



PERIODIC STOCHASTIC KDV WITH ADDITIVE NOISE 7 

Before stating the main results, we point out the fohowing. Let (p be the identity operator 
on L^(T) or be as in Then, we know that such ^ is Hilbert-Schmidt from L^(T) into 
H'^iT) if and only if s < — ^. In other words, with a slight abuse of notation, define 

(18) 4) := y^(/>en = y^(/>nen 

in view of (/> = diag(i;^„; n 7^ 0). Then, we have (f) G H'^iT) if and only if s < — ^. Moreover, 
we have \\(t>\\HS(L'^\H^) = llfAll//") where || • \\hs{l'^\H'') denotes the Hilbert-Schmidt norm 
from L^(T) to H'^iT). For such 0, we also have G b^^iT) if and only if < — 1, and we 
can use ||</>|ks to discuss the regularity of (j) in place of the Hilbert-Schmidt norm. This 

is one of the reasons for using this space. (We need only sp < —1 for our purpose since the 
nonlinear estimate in Section 5 holds for -s = — ^ and p = 2+ with sp < —1.) 

Proposition 4.1. Let < T < 1 and p = 2+. Moreover, let s = —^ + S and b = ^—6 with 
< (5 < i.e. sp < —1 and (b — 1) ■ 2 < —1. Then, for the stochastic convolution 

$(t) defined in (jlOp with (j) as in we have 

(19) E[||r?$||^....T] <C(r/,s,p) <oo. 

In particular, ^ G 2 ' almost surely. 

Before going into the proof of Proposition 14. H recall the following. Let j3\ and /32 be 
independent real- valued Brownian motions on (Q, J^, P), and fi{t,uj) and f2{t,u}) be real- 
valued stochastic processes independent of /3i and (32- Then, we can regard 13 j and fj as 
f3j{t,uj) = /3j{t,uji) and fj{t,uj) = fj{t,uj2), where uj = {uji,uj2) £ Qi x = ^. Thus, in 
taking an expectation, we can first integrate over a;i G Then, for m G N, we have 



E 



a 



^ 2m 
h{t)dl3i{t) + / f2{t)dp2{t) 
J a 



( /o \ r k r 



'k=0 
m 



(20) = E; 



^2 



n=0 



2m\ (2n)! (2(m-n))! „^ ^ ^ ^||2(m-n)' 



^ ( 2n j ^Il/l(-'^2)|li2(„,fe) 2m-n(^_^)!ll/2(-,^2)|li2(„,b) 



In the computation above, we used the fact that, for each fixed uj2, Ja fj{t:^2)df3jit,uji) is 
a Gaussian random variable on f^i with variance ||/j(')'^2)||^2(„^)- 

Proof. By Holder inequality, we have 

\\{r-n')'2-^u{n,T)U. < \\{r-nY''\\ ^ II (r - n3)l+^S(n, t)|L. . 



i.e. We have ||t/$|| ^ < 11^*^*11 s,l+s ^ long as 6 > Thus, we will work in Xplp 



V ' 2 y 
^p,2 ^P,P 



in the following. 

Let g{t) = r]{t) S{-r)(j){r)dW{r). i.e. 7?(t)^>(-,t) = S{t)g{-,t). Assume that each 
is extended to a Brownian motion on M in such a way that the family {/3n}n>o is still 
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independent. Note that for t G [0,T], we have 

(21) g{n,t) = rj{t) l\{r)e-'^^'Mr)X[o,T]{r)j=,dPn{r). 

We have inserted ri{r) and X[o,T]i''') ™ the integrand since ??(?')X[o,T] = 1 for r G [0,t] C 
[0,T]. For notational simphcity, we use (pnif) to denote </'n('")X[o,T]('") i^i the following, i.e. 
we assume that (j)n is supported on [0,T]. By we have |</>n(^^)| < 1 for r G M. 
Now, we write the left hand side of ()19p as 



mvn 



1 



s,-k+S,T 



< E 



sup2^'^( Y.2^P^-2+') 

^ |n|~2J' k=l 



|r|~2'= 



{n,T)\PdTY 



(22) 



+ E 



sup2^-^( ^ 



kl<2 



(n,T)RT)^ 



Part 1: First, we estimate the second term in (|22p . Let 



(23) 



G„(r,r) = r?(r)e-*™ <A„(r) / r/(t)e-"^(it 



Also write I3n = Pn + ijin where /3„ = Re/3n and /3„ = Im/3„. Then, by the stochastic 
Fubini Theorem, we have, for m G N, 



E |5(n,T 



1 2ml 



(24) 



= E 
= 2~"E 
< E 



T/(t)e" 

2 



-itr 



t 2m 

r/(r)e-^™Vn(r-)^(i/3n(r)dt 



G„(r,r)(i/3„(r) 



2m 



+ E 



ReG„(r,r)d/3M(r)- 
ImG„(r,r)d/3M(r) 



2 2m 

ImG„(r,r)d/3«(r 

-1 

2 2m 

ReG„(r,T)d/3«(r 

-1 



Note that |ReG„(r,T)|, |ImG4r,r)| < |G„(r,r)| < |</'n(r)| < ||r/|UiX[o,T] (r). Thus, 

we have ||ReG„(r, r)||2| ||ImG„(r, r)!!^^^^"''^ < hlli? for A: = 0, • • • , m. Then, by m along 
with the independence of /3n''* and /3i*\ we have 

\\g{n,T)\\L2m^^^ <C = C{rj,m) 
independent of n and r. Hence, for p G (2,4), we have 

(25) (E[|?(n,r)r])i < ||?(n,r)||^.(^)||?(n,r)||i7(% < 1, 

by interpolation, where 6 G (0, 1) such that | = | + Then, the second term in ([22]) is 
estimated by 



(26) 



m < 



j=0 |n|-2J 



kl<2 



E[|5(n,T)r]dr 



i=0 |n|~2J 



fy2('^P+i)-'V <C<oo, 
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since sp < —1. 

• Part 2: Next, we estimate the first term in (I22p . Let 



(27) 



-dt, 



Then, by the stochastic Fubini theorem and integration by parts, we have 

(28) V2g{n,T) = G„(r, r)d/3„(r) = G«(r, r)d/3„(r) + G^^) (r, r)(i/3„(r) 

= :/«(r)+/(^)(r). 

Thus, we have |?(n,r)|P < \l^n\T)\'' + |/i^^(r)|^. 

First, we estimate the contribution from Gn^. For |t| ~ 2^, we have 



(29) 



-itr 



IT 



-dt 



< |t-V(OI + 



ri"{t)- 



-itr 



-dt 



< Cr,2 



-2k 



by partial integration. Thus, we have \Gn\r,T)\ < 2 Then, repeating a similar com- 
putation as in Part 1, we obtain 



(30) 



(E[|/«(r)n)^<||/«(r)||l.(^)||/«(r)||i 



< 2 



-2k 



by (|2U|) and interpolation. Hence, the contribution to (|22|) is estimated by 
(31) 



^ j=0 \n\r^2i k=l 



1 



E[|/«(r)r]dr 



j=0 



k=l 



since sp < —1 and — ^ + (5p + 1 < 0. 



Now, we consider the contribution from In'^ij). With /3„ = fin' + ifin', we have 

2 2 

l^n^^WP^ /^iGi^^(r,r)rf(r) + G^,^^ (r, r)d/3i'^ (r) . We only estimate the first 
term since the second term is estimated in the same way. By Ito formula (c.f. |8]), we have 



,(0 



.(0 



G(2)(r,r)d/3M(r) 



-1 



dt 



+ 2Re 

' — 1 J — oo 

The contribution from I'niT) is at most 

(32) ([22]) < ( Y^2^'P J^2'=p(5+5) 



G(2)(r,r)ci/3M(r)G(')(t,r)d/3W(t) =: /;(t) +/;'(r) 



i=o 



|„|^2J A:=l 



wrpdT 



i=o 



since < — 1 and 5 < 
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We finally estimate the contribution from I'n^r). Write /^'(r) = f^-^ Hn{t)dPn\t), where 
Hnit) = j'_^Hn{r,t)dl3i:\r) with 

(33) H,,{r,t) = 2r-2Re(7?2(r)7?2(t)e^(*-)n3^^(^)^gi(t-r)r)^ 

Then, by Ito isometry and \(j)n{'W,t)\ < 1 for all {uj,t) G $7 x M, we have 



E |/;'(r)|^ =E 



(34) 



'if„(t)d/3«(t))' ~ l'E[Hl{t)]dt 

E 



1 



i/„(r,i)d/3«(r) dt= / E[\H^{r,t)\^]drdt 



iJ-i 



< r-^ r y* v\r)i]\t)drdt < t'^ 



Hence, the contribution from /"(r) is at most 

/ oo oo 

*I22D ^ ( X] ^^^^ X] 2^^^^+*^^ 

(35) 



j=0 \n\^23 k=l 

oo oo 



|T|~2fe 



E[|/;'(T)|l]dr 



oo oo 1 



k=l 



for p < 4, < — 1, and 5 < 



□ 



We state a corollary to the proof of Proposition 14.11 for a general diagonal covariance 
operator 0(i,a;) = diag{(j)n{t,u);n E Z), which is independent of {(3n}n>i- 

Corollary 4.2. Let < T < 1, p = 2+, anrf s, s' G M with s < s' . Moreover, leth=\ - 5 
with < 5 < i.e. {h— 1) - 2 < —1. Then, for the stochastic convolution $(t) defined 

in pO|) with (p G LP{[0,T] x $7;6p'qq), independent of {f3n}n>i, we have 



(36) 



E[||r?$||^s,.,T] <C(r?,s,s'. 



LP{[0,T]xn;S;;^)- 



In particular, <1> G ^p'l ' almost surely. 



Proof. In the proof of Proposition 14.11 we used |(/>n(i)l ^ 1 whenever 4>nit) appeared. 
Now, we briefly go through the proof of Proposition 14.11 keeping track of (pnit)- Since (j) 
is independent of {Pn}n>i, we regard /3„ and 0„ as /3n{t,uj) = /3n{t,u}i) and 4>n{t,io) = 
(pnit,uJ2), where w = {u;i,uj2) £^1X^2 = ^- 
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In ([25]), we have E[\g{n,T)\P] < En2||</>n(-, ^2) 11^2(0,7] ■ Then, in we have 



■i=0 \n\^23 
~ ll'^llLPdO.Tlxf^;^;^) 

since s — s' < 0. A similar modification in ([30]) and ([3T]) (and ([32]) ) takes care of the 
contribution from In\T) (and /^(r), respectively.) Now, as for I'^^t), we first integrate 
only over fix in (I34p and obtain 



En. [|/;'(r)|2] < 7?^(r)r?4(t)|0„(r)|2|0„(t)|2dr-dt < r^'UnWU^^Ty 



Then, in (j35p . we have 

E[|/;'(r)|i] =EnJ||/;'(r)||J,^^^^] <EnJ||/:(r)|||,(^^J <T-PEf,J|0„(.,a;2)||^2[o,T] 

for p G [2,4]. The rest follows as before. □ 

Now, we discuss the continuity of the stochastic convolution. In the remaining of 
this section, we show that the stochastic convolution <I>(t) defined in (jlOp belongs to 

C([0,r];6;_^(T)) almost surely. With /3„ = /Si^^ + we have 

(37) Ht) = ^Y1 f S{t-r)ct>n{r)endf3i{\r) + i^Yl T 5(t - r),^„(r)e„d/3« (r), 

since (pSQ = and (/)e„ = 4'n&n-, n ^ 0. In the following, we only show the continuity 
of the first stochastic convolution in ()37p . which we shall denote by ^^^\t). Also, let 
W^'^\t) = Yin l^n\t)en- As in Da Prato f7], we use the factorization method based on 
the elementary identity 



vr 



(38) / {t-t')''-'{t' -r^dt' -- 

J J. siuTra 

with a G (0, 1) for < r < < t. Using (j38p . we can write the first term in ([37]) as 

(39) $('')(*) = r 5(t - tO(i - t'r-'Y{t')dt', 
where 

r*' 

(40) Y{t')= S{t' -r){t' -r)-'^(j){r)dW^''\r). 



First, we present the following lemma which provides a criterion for the continuity of 
39|) in terms of the L^^-integrability of Y{t'). 
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Lemma 4.3 (Lemma 2.7 in [7j). Let T > 0, a e (0,1), and m > For f G 

L2-([0,r];&^(T)), let 



F{t) 



f S{t - t'){t - t'Y-^f{t')dt\ 0<t<T. 
Jo 



Then, F G C{[0,T];bp ^{T)). Moreover, there exists C = C{m,T) such that 



< i < T. 



Remark 4.4. Although Lemma 2.7 in [7J is stated for a Hilbert space H, its proof makes 
no use of the Hilbert space structure of H. Thus the same result holds for bp ,^{T) as well. 

In view of Lemma|431 it suffices to show that Y{t') £ L2'"([0,T]; 6^ „„(¥)) a.s. 

Proposition 4.5. Let T > 0, m > 2, s = —^ + , and p = 2+ such that sp < —1. Let (j) 

he as in ([3]). Then, the stochastic convolution ^^'''\t) is continuous from [0,T] into bp^^ 
almost surely. Moreover, there exists 



e( sup II ^>('') 



2m 

p,oo 



< C{m,T, s,p) < oo. 



Proof. Let a G (2^)1) ^iid Y be as in (l40]l . First, note that Y is real-valued since 
and /3il = f3i[\ Note that {/^i'^^j^^o 

and (p are independent since (f) 



{s e- 



depends only on /3o. Thus, we can regard /Sn^ and (p as /3n\uj) = /3n\uji) and 0(f:ij) = 0(^2), 

where = (a;i,a;2) G ili x r22 = ^- Then, for each fixed u}2 and G [0, t], Y{t'){n) is a 

Gaussian random variable on with Var^j (Y(t'){n)^ = Eq^ [|y(t')(n)p] . 

Let Gn{r,uj2) = {f - r)-"e^(*'-'')"Vn(r, a;2). Note that |Gn(r,a;2)| = {f - r)"" for 
< r < i' and n 7^ 0. By Ito isometry, we have 



Ef,,[|y(?)(n)p 



2 En. 



*' 2 
G„(r, (iJ2)(i/3(r,tJi) 







|G„(r,c<j2)pc^?' 



t' 



{t' - ry^^'dr. 



Then, by Minkowski integral inequality (with p = 2+ < 2m) after replacing sup^ by Ylj 
we have 

2m 
P 



En,(r(t',-,a;2)|||r ) =En. sup ^ (n)'^^|y(t')(n)r 



|nh2^ 



< 



£ 2^-^^(En,[|f(?)(n)p 



2ml \ 2™ 



i=0 |n|~2J 



2m 



i' \ m 

2a I < 



(t' - r)-^°(ir 



it 



/\l-2a \ m 



I -2a 
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since sp < —1. Therefore, we have 



[ E{\\Y{t')\\^ )dt' = [ En,En,{\\Y{t')\\lT )dt' 

Jo Jo 

-i [t^J dt'<T^'-'^^-^'<C{m,T,s,p)<^. 



In particular, it fohows that Y{-,uj) G L {[0,T];bp^^) almost surely. Then, the desired 
result follows from Lemma 14.31 □ 



5. Nonlinear Estimate on the Second Iteration 

Now, we present the crucial nonlinear analysis. First, we briefly go over Bourgain's 
argument in p|. By writing the integral equation, the deterministic KdV ([5]) is equivalent 
to 

(41) u{t) = S{t)uo - iAA(u, u){t), 
where M{-, •) is given by 

(42) Af{ui,U2){t) := f S{t-t')d^{uiU2){t')dt'. 



In the following, we assume that the initial condition uq has the mean 0, which implies 
that u{t) has the spatial mean for each f G M. We use {n,T), (ni,ri), and {n2,T2) to 
denote the Fourier variables for uu, the flrst factor, and the second factor u of uu in J\f{u, u), 
respectively, i.e. we have n = ni + n2 and r = ti + T2. By the mean assumption on u 
and by the fact that we have dx{uu) in the definition of J\f{u,u), we assume n,ni,n2 ^ 0. 
We also use the following notation: 

do := (r — n'^) and aj := {tj — 

One of the main ingredients is the observation due to Bourgain [1] : 

(43) — nf — = 3nnin2, for n = ni + n2, 
which in turn implies that 

(44) MAX := max(o-o, cJi, CJ2) > (nnin2). 
Now, define 

(45) Aj = {(n, ni, n2, r, n, r2) G x : aj = MAX}, 

and let Mj{u, u) denote the contribution of AA(n, u) on Aj. By the standard bilinear estimate 
as in [1], [11], we have 

(46) Woiu,u)\\_i^si-s < 

2 ' ' 2 2 ' 2 

where o(l) = with some 9 > hj considering the estimate on a short time interval 
[— T, T] (e.g. Lemma [37il) . See (2.17), (2.26), and (2.68) in [2]. Here, we abuse the notation 
and use || • ||s,6 = || • Wx^''' to denote the local-in-time version as well. Note that the temporal 
regularity b = ^ — S < ^. This allowed us to gain the spatial regularity by 2S. Clearly, we 
can not expect to do the same for Mi{u, u). (By symmetry, we do not consider A/2(«, u) in 
the following.) The bilinear estimate ([7]) is known to fail for any s G M if 6 < ^ due to the 
contribution from Ni{u,u). See [11]. Following the notation in [2j, let 

(47) Is,b = \\Mi{u,u)\\xs,b and a := ^ - 5 < ^. 
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Then, by Lemma 13.21 and duality with t)||^2 ^ < 1, we have 

(48) I-a,l-a = \\J^l{u,u)\\-a,l-a 

< V- /■ , , (n)i-Mrvr) ^ (n2)^-"c(^2, r2) 

2^ / ^'^^'^1 a u{ni,Ti) 



n,ni 



^2 

T=Ti +r2 



n=ni+n2 

where 

(49) c{n2,T2) = {n2)~^^~°'^a2u{n2,T2) so that ||c||i2_^ = ||u||_(i_a),a = \\u\\^^-s,^-5- 

The main idea here is to consider the second iteration, i.e. substitute (j4ip for u(ni,ri) in 
()48p . thus leading to a trilinear expression. Since cJi = MAX > {nnin2) ^ 1 on Ai, we can 
assume that 

I I r 

(50) n(ni,ri) = (AA(n,n))^(ni,ri) ~ — ^ / n(n3, r3)n(n4, r4)(ir4. 

Note that n(ni,ri) can not come from S{t)uQ of (j4ip since we have iTi ~ 1 for the linear 
part. Moreover, by the standard computation ^J, we have 



M{u, u){x, t) = -i^'-^Y. e*('^^+"'*) / rj{X - n^)a~^{n, X)dX 

k=l ' n^O 

+ iye^n. r (l-r?)(r-n3) ^^^^ ^.^^^^ 
/ X — n-^ 

(51) =: Mi{u, u){x, t) + M2{u, u){x, t) + Msiu, u){x, t). 

Note that {Aii{u,u))^{ni,Ti) and (A^3(it, it))^(ni, ri) are distributions supported on{Ti — 
= 0}. i.e. cJi ~ 1. Hence, the only contribution for the second iteration on Ai comes 
from A42iu,u) whose Fourier transform is given in (I50p . This shows the validity of the 
assumption (j5Up . 

Note that the ai appearing in the denominator allows us to cancel {n)^~'^ and (^2)"'^"" 
in the numerator in (I48p . Then, I-a,i-a can be estimated by 



(52) ^ >. / ^ n(n3,T3)n(n4,T4) . 



n=ni+n2 ^=1-^+7-2 

Then, Bourgain divided the argument into several cases, depending on the sizes of 
o"o, • • • , (T4. Here, the key algebraic relation is 

(53) — 712 — n3 — 77-4 = 3(?T-2 + ^3)(^3 + 'T'4)('^4 + "-2)5 with 7^ = n2 + ^3 + 724. 
Then, Bourgain proved -see (2.69) in [2]- 

(54) <o(l)||n|U (1— a,l— Q 

+ o(l)||n||3(,^^)_„ + o(l)h|| 

— {l—a),a ) 

assuming the a priori estimate ([8]): |{i(7z,t)| < C for all 7i G Z, t G R. Indeed, the estimates 



involving the first two terms on the right hand side of (j54p were obtained without ((8]), and 
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only the last term in (j54p required ([8]), -see "Estimation of (2.62)" in [2j-, which was then 
used to deduce 

(55) ||n(n,-)||L2 <C. 

The a priori estimate ([8]) is derived via the isospectral property of the KdV flow and is false 
for a general function in X~^^~"^'°' . (It is here that the smallness of the total variation ||;u|| 
is used.) 

Our goal is to carry out a similar analysis for SKdV ([2]) on the second iteration without 
the a priori estimates ([8]) and ()55p coming from the complete integrability of KdV. We 

— -+(5 -—5 

achieve this goal by considering the estimate in X~2'°' = i where p = 2+ and 

^ <6 < By (US]) and ^ (recah -a = + 5 and -(1 - a) = - 5), we have 

(56) ||M||j5j.-Q,a < ||ti||x-c,,c«, and ||n||j(^-(i-Q),a ^ ||ti||j^-a,Q . 



Then, it follows from (j46p and (j56p that 
(57) \\Moiu,u)\\^-.,. < oil)\\u\\''^ 

Now, we consider the estimate on \\Mi(u,u)\\y-a,a. From (i^Sl) and a < 1 — a, it suffices 

to control I-a,i-a- As in the deterministic case, we consider the second iteration, and 
substitute (j4]) for n(ni,ri) in (|48l) . As before, there is no contribution from S{t)uQ, or 
Aii{u,u), Ais{u,u) defined in (jSTj) . Now, there are two contributions: 

(i) N'i{Ai2{u,u),u) from the deterministic nonlinear part: In this case, we can use the 
estimates from [2] except when the a priori bound ([SD was assumed, i.e. we need to 
estimate the contribution from (2.62) in [2]: 

/d(n r) 
XB , a '^i-n, T2)u{n, T3)u{n, Ti)dT2dT3dT4, 

,, W ^0 

r=T2+T3+T4 

where ||d(n., r)||^2 ^ < 1 and B = {ctq, cr2, (Js, cr4 < \np} with some small parameter 
7 > 0. Note that this corresponds to the case n2 = —n and = = n in ([52]) 
after some reduction. In our analysis, we directly estimate Ra in terms of || 

The key observation is that we can take the spatial regularity s = —a to be greater 
than — ^ by choosing p> 2. 

(ii) Ni{^,u) from the stochastic convolution $ in (|10p : In view of (|56p . we estimate 

(59) E[||AAi(r7$,u)|U-..i-c«] 

via the stochastic analysis from Section 4. 

Remark 5.1. In fact, we do not need to take an expectation in (|59p since we establish 
local well-posedness pathwise in w, i.e. for almost every fixed to. Nonetheless, we estimate 
([59]) with the expectation since it shows how and defined in ([7T]) arise along with 



their estimates. 

• Estimate on (i): In [2], the parameter 7 = 7(a), subject to the conditions (2.43) and 
(2.60) in [2], played a certain role in estimating ii„ along with the a priori bound ([8]). 
However, it plays no role in our analysis. By Cauchy-Schwarz and Young's inequalities, we 
have 

ii < J]N(n,-)||L2(n)-^-"||n(-n,T2)|| 6||S(n,r3)|| 6||S(n,r4)|| e 

Lt-2 Lt3 
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By Holder inequality (with appropriate it signs) and the fact that — 1 — q < — 3q, 

4 

n j=2 



where the last two inequalities follow by choosing a > ^ and p = 2+ < 6. 

• Estimate on (ii): We use the notation from the proof of Proposition 14.11 It follows 
from ([28]) and 7]{t)^{-,t) = S{t)g{-,t) that 

(r?$)^(ni,n) = ?(ni,n - n?) = ^I«(ri - n?) + (n - n?). 

Recall that ai = (ti — nf) > {nnin2). Also, recall from the proof of Proposition 14.11 that 
= X[o,T]('') is independent of u. 

o Contribution from I^Wi - ^i): From (08]) with ([27]), ([28]), and ([291), we estimate ([59]) 
by 



(60) <E 



> / drdn 2 / I'PnAnidPnAn- 



n,ni 

■ T — TI+T2 



By Cauchy-Schwarz inequality in uo and Ito isometry, 

d{n,T) ||0nillL2[O,T ] I|c(n2,r2)||^,2(f^) 

"'"1 ^-i ^ cr{ (ni)2 



(61) < 5: / ,r,n'-^^ 

n..ri-i ^ 



n=ni 



By J, L^.^^, j-Holder inequality along with Lemma [3^ (fT6|) . ([T8|), ()i9]) . and ([56 

<T''||d||i2 i_..llc||r2^o.r2 ^ < r''||(^|L„.,„^,_T-. Jin 



< T \\0\\LP(^lo,T]-$-'^)\W\L^n;X-^'°')- 



Remark 5.2. Strictly speaking, we need to take the supremum over {||(i||^2 ^ = 1} inside 
the expectation in (|60p . However, we do not worry about this issue for simplicity of the 
presentation, since we have 



59]) < ||AAi(r/$,u)||i2(f^.x-c«,i-.) 



< 



^ f (n)^-^" ^ f ,1 \- f (r^2)^-°c(n2,r2) ^ 2 \l 



= sup dSH) 

by Ito isometry. Also, recall that we have liV(ri-n?) = /o^GiV(r, Ti — nf)d/3„^(r) where 

, r) is defined in (f27|) . Hence, strictly speaking, we should replace ^^(r, n — nf) 
by crj~^|0„^ (r)| in (j60|) only after the application of Ito isometry. Once again, we do not 
worry about this issue for simplicity of the presentation. The same remark applies in the 
following as well. 
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o Contribution from lni{Ti — nf): 

First, suppose that max((To, cr2) ^ {nnin2)~^ ■ Say do > {nnin2)~^ ■ Then, (i59]l is 
estimated by 

- j2 I ,,,,, w^rg!^! r (nn.. r.) 

n.n, ^ ^0 '^1 JO 



< E 



n,ni 

n=ni+n2 '^=n+T2 



(62) < J] / drdn 



d{n,T) \\4>ni\\L^[0,T] I|c(ra2,r2)||2,2(n) 
a-2005 1+5, ^1^^ 



Then, we can conclude this case as before by L^^^, L^^^-Holder inequahty as long as 
a — 2006 > |, which can be guaranteed by taking 6 > sufficiently small, or equivalently, 
taking p > 2 sufficiently close to 2. 

Hence, assume max((7o,(T2) ^ (nnin2)Too. Recall the following lemma from [5l (7.50) 
and Lemma 7.4]. 

Lemma 5.3. Let 

(63) $7(n) = {r/ G M : r/ = — 3nnin2 + o{{nnin2)~"^) for some ni € Z with n = ni + n2}. 
Then, we have 



(64) y (T-n^)^4;^n(n)(r-n^)dT<L 

Note that (j64p is stated with (r — n'^)""'^ in [5j. However, by examining the proof of Lemma 
7.4 in one immediately sees that (j64p is valid with (r — n?)^^ for any /3 > | + 

Then, ([^^ is estimated by 
<w[ \^ /" ^ ^ W~M^,r)Xn(n,)(n-n3) /-^ ^ , (n2)^-"c(»2,r2) - 

n=ni+n2 ^ '''i+'^2 

By Cauchy-Schwarz inequality and Ito isometry. 



(65) < I ^^^^1 



d(n,r) Xn(ni)(n - ?^i)ll0ni||L2[o,r] I|c(n2, r2) 11^2(^2) 



r=ri+r2 



n,rii I ^ 0- 2 (ni)2 



By J, J, ^-Holder inequality along with Lemmata lS. 31 15.31 ([T6]), ([T8]), (|i9]) . and ([56|l . 

^ rlf^llL2,J|("-l)"^"'^||0nil|L2[o,r]IIXn(ni)(n " n?)^! ' IIl? 1 1 ^2 II c|| L2(n.i2 j 
- ^^ll'^lli2([o,T].j^-i-*)ll"lli2(0;X-(i-).«) ^ ^l'^llLP([0,T];fe-So)ll"llL2(n;X-r)- 

Now, we are ready to prove Theorem [TJ 

Proof of TheoremUi Fix mean zero uq G bp^^{T) and as in ([3]), where a' = | — (5— with 
< (5 < such that {—a')p < —1. Consider sequences of initial data Uq G L^(T) and 
diagonal covariance operator (p^ G HS{L'^; L"^), given by 

(66) uo = F<NUo = no(n)e™^' and 4>'^{t,oj) := diag((/)„(t, w); < |n| < N) 

\n\<N 



(67) r^'v = r^^v := S{t)u^ - ^M{v, v) + r?$^ 
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where (/>„ is given in ([3]). Now, fix a = ^ — 5 > a' as in (j47|l . Note that such Uq converges 
to uq in J^L~"'P{T), and thus in 6~^(T). Also, cp^ converges to (p in J^L~2^'P(T) for each 

t and w, and thus in 6p_^ (T). Then, by Monotone Convergence Theorem, (/>^ converges 

to (p in ^''([0, 1] X ). (Indeed, the convergence is in L°°([0, 1] x Q,;bp^^ ), since we 

have |0n(i, w)| = 1 for ah re, independent of t G M and w E il.) Note that a slight loss of the 
regularity —a < —a' was necessary since Uq defined in (I66p does not necessarily converge 
to no in b~'^(T) due to the L°° nature of the norm over the dyadic blocks. We can avoid 
such a loss of the regularity if we start with uq G J^L^'P{T). 
Now, let = be the map defined by 

Uq 

V -.= J{b}UQ - {V, V) ^ Ij-t^ 

where is the stochastic convolution defined in (jlOp with the covariance operator (p^ . By 
the well-posedness result in [8], there exists a unique global solution E L°°(]R+; L^(T))n 
C(M+;5°J(T)) a.s. to ^ for each since (p^ E HS{L'^;L'^). 

Now, we put all the estimates together. Note that all the implicit constants are inde- 
pendent of N . Also, when there is no superscript A^, it means that A^ = oo. From Lemma 
I3.H we have 

(68) \\S{t)u^\\^s.,.T<C^\\u^\\y 

for any s,6 E M with Ci = Ci{b). In particular, by taking 6 > ^, we see that S{t)uo is 
continuous on [0, T] with values in ^p^oo- Also, by taking 6 < |, we gain a power of T. From 
the definition of A/'j(-, •) and ([57]) . we have 

(69) ||AA(n^,n^)|L-.,„,T < CsT^^ln^f ^.,.,^ + 2||AAi(n^, n^)|U-.,.,T. 
Also, from ()47p and ()56p . we have 

(70) ||AAi(n^,n^)||^-.a-.,T</^,,i_„. 

Recall that rj^ E A~2 a-S- from Proposition 14.11 Moreover, by defining and 
on T X M X via their Fourier transforms: 

(71) F^{n,T) = {n)-i-\aP^' + a^^^-') T |,/.„(r)|d/3„(r), and 

Jo 

Ff{n,T) = (n)-i-%„)(r-re3)ao-^+' / |</.„(r)|d/3„(r) 

Jo 

for |re| < A^, we have F^,F^ E L^(0;L^j) by Ito isometry and Lemma 15.31 which is 
basically shown in the estimate on (ii). See ([6T]) and (f65|) . Then, from and the 
estimates on (i) and (ii), we have 

(72) l':!^,_^<CsiT<^^u''\\^-.^.,Tl^^,_^ + T<^^\\u''\\' 

^P,2 ' ^p,2 ^P,2 ' 

where = {Ff , Fi^){uj) := \\Ff{uj)\\L2^ + ||F2^(w)||^2 ^ < oo a.s. Moreover, is 
non-decreasing in A^. 

For fixed R>0, choose T > small such that C^T^^R < \. Then, from (USD, we have 

(73) < 2C3(r^^||n^f^_.,... +r^^LiJ||u^||^-.,.,.), 

^p,2 ' ^P,2 
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for ||n^||^-Q,a,T < R. From (j67|) ^ (f73|) . we have 

\\U \\y-a,a,T — \\L U \\yr-a,a,T ^ Ul\\Ur) \\-T-a \\U \\^-a,a.T 



(74) +2C73(r^3||^A^||3 _ +2-e4^7y||^A^|| ^^^||^^Ar(^)|| ^^^^^ 

and 



\U —U „_a,a,,T — i U —I U Wv-c, 

^p,2 ^P,2 



S OlIPo — Uq ll-^-a + 2'^2^ {\\^ ||^-a,a,T + ||U 1 1 ^- a,Q ,T j 1 1 U —U \\-^-a.a,T 



P,2 P,2 P,2 



I /'^ T^fc/ll A^||2 I II M||2 \|| N Ml, 

(75) +C5Tm\U \\ o,.a,T + \\U C^.t) M -U \\y-a,a,T 

^P,2' ^p,2 ' "^P,2 



'^P,2 '^p,2 



r2 



P,2 

where 

(76) ZA^,M^^||^A._^M||^^^^ + ||^A._^M 

Note that in estimating the difference F^u^ — F'^u*^ on Ai, one needs to consider 

(77) I-a,i-a ■•= ||M(u^,u^) -M(n^^n^)||_„,i_„ 

as in [2]. We can follow the argument on pp. 135-136 in [2], except for Ra defined in (f58]l . 
yielding the third term on the right hand side of (I75p . As for R^, we can write 

(78) Af{Af{u,u),u) -M{Af{v,v),v) = Af{Af{u + v,u - v),u) + Af{Af{v,v),u - v) 

as in (3.4) in [2j, and then we can repeat the computation done for R^ in Estimate on (i), 
also yielding the third term on the right hand side of (|75p . 

By definition of Un , we have 2Ci||n/y ll-r-a < 2Ci||no||r-a + i for sufficiently large. 

Also, since (j)^ converges to (j) in L^([0, 1] x il; 6~^), it follows from Corollarv 14.21 and the 
estimate on (fi) -see and that E[||r/(^>^ - ^>)|| and E[L^'°°] defined in 

^ P,2 

([76]) converge to 0. Hence, ||r/(<l>^ — <1>)|| -t-L^j '°° — )• a.s. after selecting a subsequence 

P,2 

(which we still denote with the index A^.) Then, by Egoroff's theorem, given e > 0, there 
exists a set ^le with P(f]^) < 2-^e such that ||r/(^>^ - ^>)||^-c,c< LiJ'°° ^ uniformly in 

rig. In particular, 2C4||r/$^||^-a,a < 2C4||77<l>||j^-a,a -|- ^ for large A^ uniformly on Q^. In 

the following, we will work on i}^. 

Now, let Ri^ = 2(Ci ||iio||r-a -|- C4||7/^'(a;)|| y-a,a ) + 1, and define the stopping time T^^ by 

^p,oc P,2 

(79) = inf{r > : maxiC3T^''R^,PiiT,R^,u;),P2iT,R^,u;) > i}, 
where 

(PiiT,R^,uj) = iCaT^ii?^ + 2C3T^^{R^f + 2C^T^^L^, from ([71]) 
I P2(T, i?^, w) = CsT'^^i?^ + 2C5r^^(ii^)2 + 2C3r^^L^, from ([75]). 
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The first condition in the definition of guarantees (j73p . and hence ()74p and ()75p . for 
llu^ll Q,Q,T < Ruj- The second condition along with (I7¥l) indeed guarantees that 

(80) ||u^||y-<..<..T < i?^ 

for T <T^ from the following observation. Since we have the temporal regularity b = a < ^, 
we have ||u^||^_a,a,T = ||X[o,T]'"^llx""''*' '^tiere X[o,T] denotes the characteristic function of 
the time interval [0,T]. See Bourgain [3J. Hence, || is continuous in T since 

(81) |||n^||^-.,.,T+. - ||n^||^-.,.,T| < Ik'^llx-"- [T,T+5] ^ '^'ll^'^llxO--^[T,T+5] 



for sufficiently small 6 > 0. Note that the last term in (I8ip is finite for small 6 since the 
local-in-time solutions constructed in [8] are controlled in this norm (indeed in a stronger 
norm adapted to the Besov space B2I.) Then, ([80]l follows from (i74l) . the second condition 
in (|79p . and the continuity of the norm in T since (|80p clearly holds at T = 0. 
Prom (|75p along with the third condition in ()79p . we have 

(82) ||n^-u*'l^-...,T. < 2Ci||n^-^Xo''lk- + 4C73r^*i?^L^'*^ 



+ 2C4||r/($^' 



-a, a . 

,2 



The right hand side of ([82]) goes to as A^, M — )• 00 since Uq is Cauchy in 6^^^ and 
||r/($^ - $^'^)||^-«,a Zf)^'*^ on uniformly in N,M. Let u denote the limit in 

In the following, we give a brief discussion to show that the limit u is a solution to 
Clearly, S{t)uQ and rj^^ converge to S{t)uo and 77$ in X~2'°'"^". It follows from ([^7|) that 
Afo{u^ ,u^) converges Afo{u,u) in X'g'"'"^"- In view of ([73]) . ([75]) . and ([77|) . we see that 
Afj{u^ ,u^) is Cauchy in a slightly stronger space X"^'"'^""'"^'^, j = 1,2. Let vj denote the 
corresponding limit. Thus, from (j67p . we have 

(83) u = S{t)uo - ^Mo{u, u) -^{vi+ V2) + 7]^. 

Now, we need to show that J\fj{u'^ ,u^) indeed converges to J\fj{u, u), j = 1,2. By symmetry, 
we only consider Ni{u,u) — Ni{u^ ,u^). As before, we substitute (f83]) (and (f67|) ) in the 
first factor u (and u^) of A/i(-, •), respectively. There are three contributions to consider. 

• (A) Contribution from the stochastic terms: We have 

(84) Ml (r/$, u) - Ml (r/$^ ,u^) = Mi{ri{^ - ^^),u) + Mi (r/$^, u-u^). 
From Estimate on (ii), we have 

|| (|84p ||^,,-a.a.T,., ^ L^'°°\\u\\^-a,a,T^ + \\u^ — u\\ a,a ,Tuj — )-0 

as N ^ 00, since ^-a,a,T < Ruj and — )• uniformly on Q^. 

• (B) Contribution from Mo{-, •): In this case, we consider 

(85) Mi{Mo{u,u),u) - Mi{Mo{u^ ,u^),u^). 

Note that we have ai > ctq, (T2, (T3, (T4 from the definition of Mi{-, •) and Mo{-, •). See (f50|) and 
([52]) . Indeed, we have ai > cro,a2 since we are on Ai defined in ([^5]) . and also ai > (73, a 4 
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since we are on the support of A/'o(-, •) in the first factor of A/i(-, •). Once again, one can 
easily follow the argument on p. 136 in [2] and show 

||(IH5|)|L-Q,c«.T„ < (||U^||^_„,„,T„ + ||m|| i-a,c«,T„)||li^ - ""lly-c.c.T^ ^0. 

In treating R^ — R^ defined in (j58|) . one needs to proceed as before, using ([78]) and Estimate 
on (i). 

• (C) Contribution from Vj and Nj{u^ ,u^), j = 1 or 2: By symmetry, assume j = 1. In 
this case, we have o"i > o"o,<T2 but a^, > o"i,(T4. i.e. we control (f5l|) by the first term on the 
right hand side. See (II. 1) on p. 126 in [2]. Now, we need to estimate 

Afi{vi,u)-Afi{Afi{u^,u^),u^) 

(86) =Afi{vi-Mi{u^,u^),u)+Afi{Afi{u^,u^),u-u^)=: I + H. 

Then, by proceeding as in [2J with (|56p and (|73p . we have 

II n ||^-c<,l-a,Taj ^ I-a,l-a\\'^ ~ '^'^ Wx-'.^-'^'l'"''^'^ ~ \\U — u'^\\-^-a,a,Tu; —7-0. 

By proceeding as in (II. 1) in [2j with |ni|" replaced by |ni|^~", followed by ()56p . we have 

II I \\j^-^,l-c.,Tu, < \\vi - Ml{u^ ,U^)\\^(^i^a),l-a\\u\\-{l-a),a 

< \\VI - J\fl{u^ ,U^)\\y-a,l-a,T^ \\u\\y-a,a,T^ 

since vi = limAr_5.oo A/i(ti^, n^) in X~2'"^~"'"^" by definition. 

Hence, we have u = T^qU for each uj £ Q^. i.e. u is a mild solution to ([2]) on [0,Tt^]. Let 
ri(^) = ris. Now, we can recursively construct Q^^^^^ C \ IJfc=i ^^'^^ J — 1) 2, • ' ' with 
F{n \ Ui=i il^^^) < 2"% such that ||r/($^ - $)||^-c<.a and ZiJ'°° converge to uniformly in 

each Then, by repeating the argument, we can construct a solution u on UjLi 

Note that ¥{n \ U°li n^^^) = 0. 

We have constructed a solution n to ([2]) in X^^g with uq G b~'^. Since u is a solution, 
the a priori estimate (f74|l holds with the regularity {s,b) = {—a', a') in place of {—a, a). 
Then, we easily see that u G ' by redefining R^ and with this regularity. In 

the remaining of the paper, we work only with the spatial regularity s = —a' , i.e. there is 
no approximating sequences any more. Hence, for notational simplicity, we will use —a in 
place of —a' to denote the spatial regularity of the solution in the following. 

We still need to take care of several issues. Note that the temporal regularity b = a = 
^ — 5 of the solution u is less than ^. In particular, we need to show that the solution u 

is continuous from [0, T^^] into 6^ 5^. We also need to show its uniqueness and continuous 
dependence on the initial data. 

Prom Proposition [131 G C{[0,T^];b~'^) a.s. Also, it follows from with b = ^ + 6, 
([To]) . ([73]) . and symmetry on ai and a2, that 

S{t)uo+Ari{u,u)+J\f2{u,u) G X-f^^^'""- c C([0,r^];6;,^) 

a.s. Now, we consider J\fo{u,u), i.e. when do = MAX. Note that the contribution comes 
only from M.2{u,u) defined in ([5T]) . Let J\f-i{u,u) denotes the contribution of Afo{u,u) on 
{max((Ti, (T2) > (nnin2)imJ}, and A/'4(m, u) =J\fo{u,u) —J\f3{u,u). 
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• Case (a): First, we consider J\f3{u,u). i.e. max((Ti,a"2) > (nnin2) wo . Say ai > 
(nnin2)ioo. Then, by Lemma 13.21 and (jlSp . we have 



Then, by duahty and (I44p . we have 



= sup y / (")'~M".^)TT(":i)'-°c(n,.rj) 

n=ni+n2 u 

^ \^ f ^^ sC(ni,ri) c(n2,r2) 

MLo =1 „, r,.-, J CTi C^2 



Ir2 —J- n,ni 



'2 

where c{n,T) is defined in (fl9l) . Then, by j, ^, ^-Holder inequahty along with 
Lemma BISl (IMD, and 



^ II I|2 ^ II ||2 ^ II ||2 , 

< \\c\\l2 < li U_(i_c.),c < \\u\\ < 00. 

• Case (b): Now, consider A/'4(ti, ti). i.e. max((Ti,(T2) <^ {nnin2)wo . Note that it suffices 
to show that Mo{u,u) G ^p,i' ' ^ ■> since 

^-a,u,.. ^ C([0,r^];6p,° ). Then, by Cauchy- 
Schwarz inequahty, Lemma 15.31 and duahty, we have 

\\Mi{u,u)\\^^^fi,T^ < \\d^{u^)\\^-.,-i,T^ < ||||(n)-"(T-n=^)-^Xn{n)(-r-n3)a^)(n,r)||ii||^2 
<\\{r- n')--^+'xnin){r - n')\\^\mu')\Urs 



iidii - 1 ^ y — — — ^ — ' 



^ sup 



^ sup 

n=ni+n2 



< ^ i A( Nc(m,Tl) c(n2,T2) 

< sup 2^ / d(n,T)— -^drdri. 



r=ri+T2 



The rest fohows as before. Hence, the solution u is continuous from [0,Tt^] to 

Lastly, we show the uniqueness and the continuous dependence of the solutions on the 
initial data. Let u and v be the mild solutions of ^ on [0, TJ\ with initial data uq and vq 
respectively, i.e. 

(87) u-v = TuoU - T^gV = S{t){uo - vq) - \ {M{u,u) -J\f{v,v)), 

where T is defined in (j67|) . Moreover, assume that 

(00 j 1 1 Uq I |T— ? 1 1 ^0 1 ' 1 1 ^ 1 1 5 1 1 ^ 1 1 

< R. 

Op, 00 Op, 00 p,2 P,2 

Let Afj{u,v) := —^[Afj{u,u) — Afj{v,v)) for j = I,-- - ,4. First, note that 
\\Mi{u,v)\\ y-a,e,T^ < i?^ < 00 from (a slight variation of) Case (b), and we have 

_ 3 _ 

\\{u-v)-Mi{u,v)\\^-o.,.,T^ < S(t)(uo-i;o) + ^AAj(u,i;) ,^.1 +s,t^ < Ci{R) < 00 
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by Cauchy-Schwarz inequality with e < 5, followed by ([68|) . ([70|) . ([73l) . Case (a), and ([88 
Then, by interpolation and Cauchy-Schwarz inequality, we have 



(89) <C2m\n-vf 



with (3 = G (0, 1). From ([MI) and the nonlinear estimates (see ([69]), dZS]), (I75|), (1771) 1 

we have 

ll^-^^ll -a i-«,T„ ^ II^^O -^^ollfe-c +C3(i?)r^||u-u|| 

Hence, for sufficiently small T > 0, we have 

(90) \\u - v\\ < ||no - voW-^-c, . 



Therefore, it follows from (I89p and (190p that the solution map is Holder continuous with 
the bound 

In particular, the solution is unique. This completes the proof of Theorem [TJ □ 
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